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Abstract
In this paper, we study the three-dimensional minimal massive gravity (MMG) in the Hamiltonian
formalism. At first, we define the canonical gauge generators as building blocks in this formalism
and then derive the canonical expressions for the asymptotic conserved charges. The construction of
a consistent asymptotic structure of MMG requires introducing suitable boundary conditions. In the
second step, we show that the Poisson bracket algebra of the improved canonical gauge generators
produces an asymptotic gauge group, which includes two separable versions of the Virasoro algebras.
For instance, we study the BTZ black hole as a solution of the MMG field equations and the conserved
charges give the energy and angular momentum of the Banados-Teitelboim-Zanelli (BTZ) black hole
as a solution of the MMG field equations, and the conserved charges give the energy and angular
momentum of the BTZ black hole. Finally, we compute the black hole entropy from the Cardy
formula in the dual conformal field theory and show our result is consistent with the value obtained
by using the Smarr formula from the holographic principle.
1
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1 Introduction
One of the technical obstacles to the quantization of general relativity (GR) is that the theory suffers
from the lack of renormalization. Although a lot of attempts have been made to renormalize GR by
adding higher curvature gravities, see for example [1], this work violates the unitarity of the theory which
is a consistent condition in quantum gravity (the theory includes a massive spin-2 ghost mode). The 3D
Einstein gravity is another choice to study quantum gravity [2]. The 3D gravity which is described by
the Einstein-Hilbert(EH) action, with or without a cosmological constant [3]-[5], has no physical local
degrees of freedom. Adding a gravitational Chern-Simons (CS) term to the EH action, which is known
as topologically massive gravity (TMG), gives a physical spin-2 mode [6]-[7].
Even though TMG might be a renormalizable and unitary theory of gravity in 3D bulk spacetime [8,9],
it has also the bulk-boundary unitarity problem. From the gauge-gravity correspondence [10], when
one considers the spin-2 mode of a unitary 3D bulk gravity on an asymptotically anti-de Sitter (AdS)
background, there might be a unitary conformal field theory (CFT) on the 2D boundary. The unitarity
of the dual CFT implies the existence of positive central charges in the symmetry group algebra. On the
other hand, to have a positive energy Banados-Teitelboim-Zanelli (BTZ) black hole [11] in TMG, Newton’s
constant must be positive, which gives a negative central charge in the dual boundary theory [12].
It seems that the above problem will be resolved if we consider the bulk theory at a critical point
(known as chiral gravity [12,13]), at which the negative central charge vanishes. Specifically, at this point,
the spin-2 mode is replaced by a logarithmic mode, which results in a nonunitary logarithmic CFT at
the dual boundary theory [13, 14]. However, other modified 3D theories have been introduced such as
new massive gravity (NMG) and its extensions [15]-[18], which suffer from a similar problem in critical
points [19].
Recently, a new version of 3D massive gravity has been proposed in Ref. [20], which includes one
massive degree of freedom similar to TMG and is called the minimal massive gravity (MMG). Not only
this theory is unitary in the bulk, but it also has a unitary dual CFT on the boundary, of course for
some values in the parameter space of the theory. A particular feature of this theory is that it has
no Lagrangian in the metric formalism while is formulated in the first-order canonical structure. Some
aspects of this theory such as black hole solutions and the existence of the chiral points have been
considered in Refs. [21]-[24].
Here we study MMG in the canonical Hamiltonian first-order formalism. We will find expressions for
the gauge generators from a constrained Hamiltonian theory [25]-[27]. The asymptotic conserved charges
can be constructed from these generators, which in the case of BTZ black hole solution give the energy
and angular momentum. We also discuss about the symmetries of the asymptotic configuration of the
theory and show that the analysis of the asymptotic symmetry algebra for the BTZ solution includes two
Virasoro algebras with two different central charges in the left and right sectors.
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Hawking and Bekenstein have shown in Refs. [28] and [29] that the black holes can provide us ther-
modynamical systems in GR. So we will discuss the thermodynamics of the BTZ black hole, especially its
entropy. Since MMG is constructed from a field equation in the metric formalism instead of a Lagrangian,
we can not compute the entropy from the Wald formula [30]. On the other side, we can obtain it from
the Smarr formula [31] and then verify that our result is in accordance with the one obtained from the
Cardy formula [32].
This paper is organized as follows: In section 2, we briefly discuss the MMG theory and derive the field
equations of motion. In section 3, the canonical structure of the theory is constructed, and the general
form of the gauge generators is calculated. In section 4, we clarify the application of this formalism
by studying the BTZ black hole as a solution to the MMG field equations, and then we investigate the
asymptotic behavior of the theory. In Section 5, we give a summary of the discussions and concluding
results.
The metric in the local Lorentz frame is mostly minus ηij = (+,−,−); the Latin indices (i, j, k, . . . )
and the Greek indices (µ, ν, λ, . . . ) refer, respectively, to the local Lorentz and coordinate frames and run
over 0, 1, 2, while the letters (α, β, γ, . . . ) run over 1, 2; both Levi-Civita´ antisymmetric tensors εijk and
εµνρ are normalized as ε012 = 1. The space-time metric is a bilinear combination of the triad fields:
g = gµν dx
µ ⊗ dxν = ηij ei ⊗ ej ,
gµν = ηije
i
µe
j
ν . (1.1)
2 Minimal Massive Gravity
The linearization of TMG around a maximally symmetric background gives a negative energy massive
graviton which threats the unitarity of the theory [12]. This problem can be resolved if we change the sign
of the Newton’s constant which due to this fact, the central charge of the dual boundary CFT becomes
negative. A minimal construction of TMG has been introduced in [20] which can resolve this problem.
The Einstein field equation of TMG [7] is given by
1
µ
Cµν + σGµν + Λ0 gµν = 0 , (2.1)
where Gµν and Cµν are the Einstein and symmetric traceless Cotton tensors and σ, µ,Λ0 are constants
with mass dimensions 0, 1 and 2, respectively. In Ref. [20], a new field equation is defined for TMG as a
minimal construction,
1
µ
Cµν + σ¯ Gµν + Λ¯0 gµν = − γ
µ2
Jµν , (2.2)
with the symmetric tensor defined as
Jµν ≡ 1
2|g| εµ
ρλ εν
τηSρτSλη , (2.3)
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where Sµν is the Schouten tensor,
Cµν =
1√
|g| εµ
τηDτSην , Sµν = Rµν − 1
4
gµνR . (2.4)
In Eq. (2.2), γ is a non-zero dimensionless constant, and σ, Λ0 in the case of TMG (2.1) are replaced by
σ¯, Λ¯0 for MMG, since it is not obvious they should be remain equal to the initial values. Because the
linearization of (2.2) around a maximally symmetric background gives the linearized TMG with modified
coefficients [24], MMG has the same degrees of freedom as TMG.
As we see, this theory is constructed in terms of a field equation (2.2) which is not obtained from a
metric action similar to TMG and NMG. So for further studies, it would be better to consider this theory
in another formalism. The 3-form Lagrangian of MMG in the Chern-Simons-like formalism is given by
LMMG = −σ e · R+ Λ0
6
e · e× e+ h · T + 1
2µ
(
ω · dω + 1
3
ω · ω × ω
)
+
α
2
e · h× h , (2.5)
where as before σ , α are dimensionless parameters, Λ0 is a cosmological constant term with mass-squared
dimension, and µ is a parameter of dimension 1. It has been shown that MMG resolves the problem of
unitarity (no ghost/no tachyon) for some values of these parameters [20].
To have a torsion free condition, we use a Lagrange multiplier field h, which, similar to spin connection
ω, is an odd parity one-dimensional field. For subsequent aims, we rewrite the Lagrangian (2.5) in some
useful form,
LMMG =
1
2
εµνρ
[
− σ eiµRi νρ + Λ0
3
εijk e
i
µe
j
νe
k
ρ + h
i
µTi νρ
+
1
µ
(
ωiµ∂νωiρ +
1
3
εijkω
i
µω
j
νω
k
ρ
)
+ α εijk e
i
µh
j
νh
k
ρ
]
, (2.6)
where the fields eiµ, ω
i
µ, h
i
µ are three Lorentz 1-forms. The field strengths T
i(ω) and Ri(ω) are Lorentz
covariant torsion and curvature 2-forms given by
T i = dei + εijk ω
jek , Ri = dωi +
1
2
εijk ω
jωk . (2.7)
In the case of α = 0, the Lagrangian (2.5) gives rise to cosmological topological massive gravity in the
torsion-free limit [3]. In addition, for µ→∞ and σ = 1, it reduces to the usual 3D cosmological gravity
with constant curvature [4]. Taking variations of the Lagrangian (2.6) with respect to the 1-form fields
eiµ, ω
i
µ and h
i
µ yields the field equations (in addition to some total derivative terms)
0 = εµνρ
(−σRiνρ + Λ0 εijkejνekρ +Dνhiρ + α εijkhjνhkρ) ,
0 = εµνρ
(−σ Tiνρ + εijk ejνhkρ + µ−1Riνρ) , (2.8)
0 = εµνρ
(
Tiνρ + 2αεijk e
j
νh
k
ρ
)
,
3
where “D(ω) = d+ ω × ” is the Lorentz covariant derivative. One can rewrite the equations of (2.8) as
0 = D(Ω)h− α
2
h× h+ σµ(1 + σα)e × h+ Λ0
2
e× e ,
0 = R(Ω) +
αΛ0
2
e× e+ µ(1 + σα)2e× h , (2.9)
0 = T (Ω) ,
where the last line represents the torsion-free condition for connection field Ω = ω + αh, i.e.,
T i = dei + εijk Ω
jek = 0 . (2.10)
To have the same local degrees of freedom as TMG, we must have (1 + σα) 6= 0 in parameter space,
While for equal condition (1+σα) = 0, the theory becomes a CS-like theory with no degrees of freedom [5].
The second equation of (2.9) yields
hµν = − 1
µ(1 + σα)2
[
Sµν +
αΛ0
2
gµν
]
, (2.11)
where by substituting (2.11) in the first equation of (2.9) and comparing the resultant equation by the
metric field equation (2.2), we conclude that
γ = − α
(1 + σα)2
, Λ¯0 = Λ0
[
1 + σα − α
3Λ0
4µ2(1 + σα)2
]
, σ¯ = σ + α
[
1 +
αΛ0
2µ2(1 + σα)2
]
. (2.12)
In other words, we have a canonical action (2.5) which gives the field equation (2.2).
3 Canonical structure
In this section, we will consider the structure of the MMG as a gauge theory described by (2.6) in the
canonical formalism [25]. The gauge symmetries determine the physical content of any gauge theory by
means of some gauge generators which lead to a number of conserved charges. Often there are two classes
of conserved charges: the exact ones associated to the symmetries of the background solution and the
asymptotic ones related to the symmetries close to the infinity or at the boundary. The calculation of
these charges and their properties in the canonical formalism is the underling idea of our work hereafter.
Here, we will not discuss this procedure in detail while enumerating the substantial constructions to
obtain the gauge generators of the MMG theory as follows [25], [26] :
1. The canonical momenta (pii
µ,Πi
µ, pi
µ) are, respectively, defined for the Lagrangian variables
(eiµ, ω
i
µ, h
i
µ),
pii
µ ≡ ∂L
∂e˙iµ
, Πi
µ ≡ ∂L
∂ω˙iµ
, pi
µ ≡ ∂L
∂h˙iµ
, (3.1)
where, by using the Lagrangian (2.6), we can define the following set of primary constraints:
φi
0 ≡ pii0 ≈ 0 , φiα ≡ piiα − ε0αβhiβ ≈ 0 ,
Φi
0 ≡ Πi0 ≈ 0 , Φiα ≡ Πiα + ε0αβ(σeiβ − µ−1 ωiβ) ≈ 0 ,
ψi
µ ≡ piµ ≈ 0 . (3.2)
4
The canonical Hamiltonian in this construction is expressed as
Hc = ei0Hi + ωi0Ki + hi0Ti + ∂αSα , (3.3)
Hi = −ε0αβ
(−σRiαβ + Λ0 εijk ejαekβ + α εijkhjαhkβ +Dαhiβ) ,
Ki = −ε0αβ
(−σTiαβ + εijk ejαhkβ + µ−1Riαβ) ,
Ti = −ε0αβ
(
Tiαβ + 2 εijk e
j
αh
k
β
)
,
Sα = ε0αβ (ωi0[−σeiβ + µ−1ωiβ ] + ei0hiβ) ,
where the last term in Hc is the surface term of (2.6). The total Hamiltonian constructed from the
primary constraints is given by
HT = ei0Hi + ωi0Ki + hi0Ti + uiµφµi + viµΦµi + wiµψµi + ∂αSα , (3.4)
and the consistency conditions can be written as the approach introduced in Refs. [25],[26]. These
conditions guarantee the primary constraints pii
0, Πi
0 and pi
0 yield the secondary constraints,
Hi ≈ 0 , Ki ≈ 0 , Ti ≈ 0 , (3.5)
and due to the remaining primary constraints φi
α, Φi
α, and pi
α, the multipliers uiµ, v
i
µ, and w
i
µ
are determined. Some of these consistency conditions are derived in the Appendix.
2. The canonical structure of the asymptotic symmetry is described by the canonical gauge generators
G = −G1 −G2 , (3.6)
G1 = ξ˙
ρ
(
eiρpii
0 + ωiρΠi
0 + hiρpi
0
)
+ ξρ
[
eiρH¯i + ωiρK¯i + hiρT¯i + (∂ρei0)pii0 + (∂ρωi0)Πi0 + (∂ρhi0)pi0
]
,
G2 = θ˙
iΠi
0 + θi
[K¯i − εijk (ej0pik0 + ωj0Πk0 + hj0pk0)] .
where the dot sign is the time derivative and the factor of 1
8piG
∫
d3x is omitted for simplicity. The
local Poincare´ gauge transformations (PGT) are
δ0e
i
µ = −εijkejµθk − (∂µξρ)eiρ − ξρ∂ρeiµ ,
δ0ω
i
µ = −∇µθi − (∂µξρ)ωiρ − ξρ∂ρωiµ , (3.7)
δ0h
i
µ = −εijkhjµθk − (∂µξρ)hiρ − ξρ∂ρhiµ .
The symmetric parts of these equations give the asymptotic local translations ξµ, and the antisym-
metric ones give the local rotations θi of Poincare´ transformations [26]. For example, multiplying
the first of (3.7) by eiν and using (1.1) yields the general transformation of the metric
δ0Gµν = −(∂µξρ)gνρ − (∂νξρ)gµρ − ξρ∂ρgµν . (3.8)
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3. The variation of G2 produces a total derivative term which, by choosing the consistent boundary
conditions, given in the next section, has vanishing contribution after integration. In the next step,
looking to the variation of G1 and after some substitutions, we have
δG1 = ξ
ρ
(
eiρ δHi + ωiρ δKi + hiρ δTi
)
+ ∂O +R (3.9)
= 2 ε0αβ ξρ∂α
[
eiρ (σ δωiβ − 1
2
δhiβ) + ω
i
ρ (σ δeiβ − 1
µ
δωiβ)− hiρ δeiβ
]
+ ∂O2 +R ,
where the term ∂O2 is a boundary term that vanishes after integration and R includes some regular
terms. Hereafter, when we use On, it has the distance behavior as ∼ r−n, so using the Stokes
theorem ∫
M2
d2x∂αv
α =
∫
∂M2
vαdfα =
∫ 2pi
0
v1dϕ (dfα = εαβdx
β) , (3.10)
the second term in (3.9) has no contribution to the asymptotic conserved charges. Here, the
boundary of M2 is a circle at infinity parametrized by the angular coordinate ϕ.
4. We can write the relation (3.9) as
δG1 = ∂α(ξ
0δEα + ξ2δMα) , (3.11)
where
Eα = 2 ε0αβ
[
ei0 (σ δωiβ − 1
2
δhiβ) + ω
i
0 (σ δeiβ − 1
µ
δωiβ)− hi0 δeiβ
]
,
Mα = 2 ε0αβ
[
ei2 (σ δωiβ − 1
2
δhiβ) + ω
i
2 (σ δeiβ − 1
µ
δωiβ)− hi2 δeiβ
]
. (3.12)
We look for the conserved charges which are related to the energy and angular momentum of the
system and are obtained by choosing the diffeomorphisms as ξ0 = 1 and ξ2 = 1, such that
E =
∫ 2pi
0
E1 dϕ , J =
∫ 2pi
0
M1 dϕ . (3.13)
4 Black Holes in MMG
Any solution of the 3D Einstein gravity with a negative cosmological constant is automatically a solution
of MMG. So the BTZ solution constitutes a candidate for the black hole object of the theory as AdS3 as
a vacuum solution. There is a parameter space for constant values (σ, α, µ, C,Λ0) in this theory which
encourages us to exemplify the physical quantities for the BTZ black holes.
4.1 Canonical BTZ solution
The most well-known maximally symmetric black hole solution for 3D gravity is the BTZ black hole for
which its line element of space-time in the Arnowitt-Deser-Misner (ADM) [33] form is given by
ds2 = N2dt2 −N−2dr2 − r2(dϕ +Nϕdt)2 , (4.1)
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where the functions N,Nϕ are
N2 =
(r2 − r2+)(r2 − r2−)
r2l2
, Nϕ =
r+r−
l r2
. (4.2)
and r+ , r− are the outer and inner horizons of BTZ black hole, respectively. Note that we use the mostly
minus signature for the metric of space-time to be consistent by our convention for ηij in the canonical
formalism. This is a maximally symmetric solution, such that
Ri =
Λ
2
εijke
jek (4.3)
and the relation between cosmological parameter and l is Λ = −1/l2. The components of triad 1-form ei
in the first order formalism for (4.1) are
e0 = Ndt , e1 = N−1dr , e2 = r(dϕ +Nϕdt) , (4.4)
and the components of spin connection Ωi are computed from the torsion-free condition (2.10) as
Ω0 = −Ndϕ , Ω1 = N−1Nϕdr , Ω2 = − r
l2
dt− rNϕdϕ . (4.5)
Substituting the relation (4.3) in the second equation of (2.9) gives
hi = µCei , (4.6)
where the constant C is defined in terms of parameter space,
C ≡ − (Λ + αΛ0)
2µ2(1 + σα)2
. (4.7)
4.2 Conserved charges
As mentioned in section 3, there are two types of conservation laws according to asymptotic symme-
tries. In fact, those transformations that allow the field configurations under consideration to remain
asymptotically invariant are asymptotic symmetries. They generate the known asymptotic symmetry
group algebra [34]. On the other hand, not only should the asymptotic symmetries be invariant under
the isometry group of asymptotically AdS3 backgrounds, SL(2, R)×SL(2, R), but they should also have
well-defined canonical generators. There is no doubt that we must use some suitable boundary conditions
that respect the above conditions .
Thus, in the case of BTZ solution, the asymptotic behavior of triads are given by
eiµ = e
i
µ + E
i
µ , e
i
µ =

 r/l 0 00 l/r 0
0 0 r

 , Eiµ ∼

 O1 O4 O1O2 O3 O2
O1 O4 O1

 , (4.8)
and for the connection field
Ωiµ = Ω
i
µ +Υ
i
µ Ω
i
µ ∼

 0 0 −r/l0 −r+r−/r3 0
−r/l2 0 0

 , Υiµ ∼

 O1 O2 O1O2 O3 O2
O1 O2 O1

 . (4.9)
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The above asymptotic behavior of triad fields are deriven from the Brown-Henneaux conditions [34] for
asymptotically AdS3 space-times
gµν = gµν +Gµν , gµν =

 r
2/l2 0 0
0 −l2/r2 0
0 0 −r2

 , Gµν ∼

 O0 O3 O0O4 O4 O3
O0 O3 O0

 , (4.10)
although it is not a dynamical variable in the Hamiltonian formalism. Including the black hole geometries
in the asymptotic limit demands that the asymptotics (4.8) and (4.9) under PGT behave as
δei ∼


r/l − (r2+ + r2−)/2 rl 0 0
0 l/r + l(r2+ + r
2
−)/2 r
3 0
−r+r−/r1 0 r

 , (4.11)
and
δΩi ∼


0 0 −r/l + (r2+ + r2−)/2 rl
0 −r+r−/r3 0
−r/l2 0 −r+r−/rl

 , (4.12)
while for the vacuum configurations, these are δbi = 0, δΩi = 0. For the above boundary conditions, the
solutions of the transformations (3.7) are given by
ξ0 = l
[
T +
1
2
(
∂2T
∂t2
)
l4
r2
]
+O4 ,
ξ1 = −l
(
∂T
∂t
)
r +O1 , (4.13)
ξ2 = S − 1
2
(
∂2S
∂ϕ2
)
l2
r2
+O4 ,
where the functions T (t, ϕ) and S(t, ϕ) satisfy the following conditions:
∂T
∂ϕ
= l
∂S
∂t
,
∂S
∂ϕ
= l
∂T
∂t
. (4.14)
These relations lead to the periodic conditions
∂±(T ∓ S) = 0 , (4.15)
where x± = t/l±ϕ are light-cone coordinates. The commutation relation of the transformations (3.7) is
closed and produces a Lie algebra,
[δ′0, δ
′′
0 ] = δ
′′′
0 (T
′′′, S′′′) , (4.16)
and to lowest order we obtain
T ′′′ = T ′∂2S
′′ + S′∂2T
′′ − T ′′∂2S′ − S′′∂2T ′ ,
S′′′ = S′∂2S
′′ + T ′∂2T
′′ − S′′∂2S′ − T ′′∂2T ′ . (4.17)
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The improved form of the gauge generator (3.6) is G˜ = G+K, where the surface boundary term
K =
∮
dfα
(
ξ0Eα + ξ2Mα) =
∫
0
2pi
dϕ(lTE1 + SM1) , (4.18)
depends only on the leading terms in T and S and not on all the gauge transformations in (4.13). The
non-trivial conserved charges at the boundary are the energy and angular momentum of the BTZ black
hole. As mentioned before, these quantities are computed from (3.12) by choosing ξ0 = 1 and ξ2 = 1,
and substituting the asymptotic values (4.8)-(4.12) in (3.12), we find the following expressions:
Eα = 2 ε0αβ
[
(σ + αC)Ω02 − µC(3
2
+ α(2σ + αC))e02 − 1
µl
Ω22 +
1
l
(σ + αC)e22
]
e00 ,
Mα = −2 ε0αβ
[
(σ + αC)Ω22 − µC(3
2
+ α(2σ + αC))e22 − 1
µl
Ω02 +
1
l
(σ + αC)e02
]
e22 . (4.19)
We apply the relations Ω = ω + αh and (4.6) with additionally the prefactor 1
8piG
which yield
E =
1
2G
[
(σ + αC)
r2+ + r
2
−
2l2
+
1
µl
r+r−
l2
]
,
J =
1
2G
[
(σ + αC)
r+r−
l
+
1
µl
r2+ + r
2
−
2l
]
, (4.20)
where G is the positive 3D Newton constant. These values are exactly consistent with the relations
in (4.41) of Ref. [35], calculated for the BTZ black hole in the TMG case (α = 0) from holographic
considerations. A relevant calculation of the conserved charges has been done in Ref. [24] from the
linearization of the equations of motion in the metric formalism.
4.2.1 Asymptotic canonical algebra
It has been shown that a suitably defined covariant poisson bracket (PB) algebra of the charge generators
forms a centrally extended representation of the asymptotic symmetry algebra [34]. The PB of the gauge
generators G˜[ξ] is isomorphic to the Lie algebra of the asymptotic symmetries (4.16), but in general, it has
a centrally extended term. In fact for two sets of gauge generators, G˜′ ≡ G˜[T ′, S′] and G˜′′ ≡ G˜[T ′′, S′′],
the PB of the form {G˜′′, G˜′} is itself a differentiable generator. Since each differentiable generator can
defined up to a constant phase-space functional k, so this bracket leads to
{G˜′′, G˜′} = G˜′′′ + k , (4.21)
where this central extended term known as the central charge of the PB algebra.
In the canonical algebra when the constraints do not change under gauge transformations δ0, we can
approximate the PB as {G˜′′, G˜′} = δ′0G˜′′ ≈ δ′0K ′′. So getting together G˜′′′ ≈ K ′′′ and (4.21) we have
δ′0K
′′ ≈ K ′′′ + k . (4.22)
According to the periodicity conditions (4.15), we can define f± = T ± S and U± = (lE1 ±M1)/2,
so the following asymptotic transformations under δ′0K
′′ are found,
δU± = −f±∂±U± − 2(∂±f±)U± +
(
(σ + αC)∓ 1
µl
)
∂3±f
± , (4.23)
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where the last term is related to the second term of (4.22) as
k = k− + k+ = −
(
(σ + αC)+
1
µl
)∫ 2pi
0
dϕ(∂3−f
′−)f ′′− −
(
(σ + αC)− 1
µl
)∫ 2pi
0
dϕ(∂3+f
′+)f ′′+, (4.24)
and ∂± = (l∂t ± ∂ϕ)/2 . We can define the Fourier modes as
L±n = −G˜[f± = einx
±
] , (4.25)
and likewise the asymptotic generator is a linear composition as
G˜ = −
+∞∑
−∞
(anL
+
n + a¯+L
−
n ) , (4.26)
where the periodic behavior of functions f± is defined in accordance with the condition (4.15).
The canonical algebra constructed from these Foureir modes takes the form of two Virasoro algebras
as
{L+n , L+m} = −i(n−m)L+n+m − i
cL
12
n3δn+m,0 ,
{L−n , L−m} = −i(n−m)L−n+m − i
cR
12
n3δn+m,0 ,
{L+n , L−m} = 0 , (4.27)
where by “ i{,} → [,] ” it takes the standard form such that cL and cR are left-right central charges
cL =
3l
2G
(
σ + αC − 1
µl
)
, cR =
3l
2G
(
σ + αC +
1
µl
)
, (4.28)
which are exactly the values obtained in Ref. [20].
4.3 Thermodynamics
The thermodynamical variables for the BTZ black hole such as the Hawking temperature and angular
velocity of the event horizon r+ are given by
TH =
1
2pi
κ =
r+
2pil2
(1 − r
2
−
r2+
) , Ωh =
1
l
Nϕ|
r=r+
=
r−
l r+
, (4.29)
where κ is the surface gravity in the ADM form
κ =
1
l
√
grrN ′|
r=r+
. (4.30)
The values of the energy and angular momentum from (4.20) and thermodynamical parameters in
(4.29) satisfy in the Smarr-like formula
E = THSBTZ +ΩhJ , (4.31)
and therefore the entropy of BTZ black hole for the MMG should be
SBTZ =
AH
4G
[
(σ + αC) +
1
µl
r−
r+
]
, (4.32)
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where AH = 2pir+ is the area of the event horizon. As seen, the result is consistent with Ref. [34] in the
case of TMG when we set α = 0 in (4.32).
This value is also consistent with the Cardy formula from the holographic considerations. As shown
in the previous section, the central charges of the dual conformal field theory are given by (4.28). So
from the Cardy formula
S =
pi2
3
(cLTL + cRTR) , (4.33)
and that the left and right temperatures for the BTZ black hole are [36]
TL ≡ r+ − r−
2pil
, TR ≡ r+ + r−
2pil
, (4.34)
we obtain again the entropy (4.32).
For this solution, the physical parameters given by relations (4.20), (4.29), and (4.32) satisfy a modified
form of the differential first law of black hole thermodynamics [37]:
dE = 2THdS +ΩhdJ. (4.35)
In the calculation of the entropy in MMG, the same result is obtained by another approach in Ref. [38].
5 Conclusions
In this paper, we have considered the asymptotic structure of the MMG in the canonical first-order
formalism. Although this theory has an additive multiplier field h, it has the same degrees of freedom as
TMG for (1 + σα) 6= 0. From the field equations, it has been shown that, in order to have a torsion-free
gravity, one can define a new 1-form field Ω = ω+αh. Then, we construct the canonical Hamiltonian of
the MMG Lagrangian (2.6) by defining the canonical momenta (3.1) for different dynamical fields.
Using the primary first-class constraints and appropriate Poincare´ gauge transformations, we obtained
the gauge generators (3.6) in according to the procedure in Ref. [25]. The asymptotic variation of
generators under PGT gives some total derivatives. The contribution of G2 vanishes, while the one for
G1 has a finite term after using the Stokes theorem. After all, we have found expressions for the conserved
charges (3.12) and (3.13) in the asymptotic region.
We calculated the energy and angular momentum of the BTZ black hole in this formalism, the values
of which are given by (4.20). These conserved charges are achieved by suitable asymptotic boundary
conditions (4.8)-(4.12) for the canonical fields eiµ and Ω
i
µ. The PB of the improved generators G˜ = G+K
has produced two versions of Virasoro algebra with two different central terms (4.28), which is consistent
with the asymptotic symmetry group of locally AdS3 BTZ solution in Ref. [34]. One can easily see that
the insertion of α = 0 in (4.28) gives the values in the case of TMG.
Typically, the entropy of black holes in higher curvature gravitational theories are computed from
the Wald formula. Since MMG does not have a metric Lagrangian, we found the entropy by using the
11
Smarr formula (4.31). We also consider that the resultant entropy (4.32) accompanied by the energy and
angular momentum satisfy in a modified first law of black hole thermodynamics (4.35). To confirm this
entropy to be truly consistent, we compare it with the expression obtained by the Cardy formula (4.33)
in the dual CFT.
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A The algebra of constraints
The necessary and sufficient conditions for G as a gauge generator are [25]
G = primary, {G,H} = primary, {G, any constraint} = constraints. (A.1)
The Hamiltonian equations yields the following constraints as (3.2) and (3.5):
G|φρ=0 = 0 , {G,Hc}|φρ=0 = 0 , (A.2)
where φρ’s are primary constraints and H is the canonical Hamiltonian of the system in the gauge theory.
The PB algebra of these primary and secondary constraints (φi
α ,Φi
α , ψi
α ,Hi ,Ki , Ti) are given by
{φiα,Φjβ} = σε0αβηijδ , {φiα, ψjβ} = −ε0αβηijδ , {Φiα,Φjβ} = −2µ−1ε0αβηijδ ,
{ψiα,Hj} = ε0αβ(−ηij∂β + 2εijkhkβ) δ , {ψiα,Kj} = −2 ε0αβεijkekβδ , {ψiα, Tj} = −4 ε0αβεijkekβδ ,
{φiα,Hj} = −2Λ0ε0αβεijkekβδ , {φiα,Kj} = 2 σε0αβηij∂βδ − 2 ε0αβεijk(σωkβ + Λ0ekβ) δ ,
{φiα, Tj} = −2 ε0αβηij∂βδ + 2 ε0αβεijk(ωkβ − 2hkβ) δ , (A.3)
{Φiα,Hj} = 2 σε0αβηij∂βδ − 2 ε0αβεijk(σωkβ − hkβ) δ ,
{Φiα,Kj} = 2µ−1ε0αβηij∂βδ + 2 ε0αβεijk(σ − µ−1)ωkβδ ,
{Φiα, Tj} = 2 ε0αβεijkekβδ ,
where ∂ is the partial derivative and δ refers to {eiµ(x), pijν(x′)} = δij δνµδ(x− x′).
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